Introduction.
We consider the two-dimensional problem of a semi-infinite elastic strip occupying the region \y\ < 1, 0 < x < °°, where x and y are rectangular Cartesian coordinates. Let <tx , <ry and r be components of stress and u and v be components of displacement. We take the edges y = ±1 to be free of stress y = ±1, 0<x<a>: = r = 0.
(1.1)
At the edge x = 0, one of the following conditions holds:
C* = <rxb(y), V = vb(y), (1.2a) t = rb(y), u = ub(y), (1.2b) "x = Vxiiy), t = rb(y), (1.2c) U = ub(y), V = vb(y) (1 -2d) where the subscript b indicates a given function. We also prescribe that all stress and displacement components approach zero as x becomes large:
solution -> 0 as x -» ».
(1.
3)
The equations of equilibrium and compatibility are r + ^-o, + (i. 4) dydx dydx (b + b){' dyy,~x + 0=0.
(1.5)
We will refer to problems (1.2a) and (1.2b) as the mixed problems, (1.2c) as the stress problem and (1.2d) as the displacement problem. These problems are solved in what follows by making use of an expansion in terms of four-component eigenvectors, each of which satisfies Eqs. (1.1), (1.3), (1.4) and (1.5). The satisfaction of boundary conditions (1.2) is accomplished by identifying the coefficients of the expansion with the coefficients of the expansion of the given boundary functions. The procedure here is formal. Readers are referred to [1] for a discussion of convergence of the expansion.
In addition to being of interest to plane elasticity theory, this problem has been shown by recent work on the foundations of the theory of thin plates and shells [2, 3, 4] to be fundamental in the analysis of the boundary layer contribution to the solution of these problems. 2. Formulation of boundary value problem. The usual procedure is to derive from the system (1.4) and (1.5) a single fourth order differential equation for Airy's stress function. We will find it convenient instead to work with an equivalent system of four first order equations. This idea is, in fact, the heart of the method of solution presented here.
We introduce a new function p(x, y) satisfying x1 -¥ -0.
( 
where the function of integration is set to zero to satisfy condition (1. The form (2.4) of the basic equation is motivated by the fact that the ordinary differential equation obtained upon using the separation of variables procedure will be in a standard vector form. We next examine the boundary conditions on vector f. Two of the stress-strain relations are: We seek a representation of the solution f in the interior of the strip in terms of its value f6 on the end. We will then show how to proceed from this representation to the solution of problems with end conditions (1.2). 3. Series solution. We take the solution in the form of an infinite series f = £ cnZMeia"x, (3.1) n where cn and a" are constants to be determined as are the vector functions Z" . Substitution of the series (3.1) into the differential Eq. (2.4) yields the following system of ordinary differential equations for the functions Z" :
where the prime denotes differentiation with respect to y. From conditions (2.13) we obtain the following boundary conditions on the functions Z" :
System (3.2) with the boundary conditions (3.3) forms an eigenvalue problem. Its solution is elementary as the system (3.2) has constant coefficients. The eigenvectors divide themselves into two sets, those where the first component Z"> is odd in y, and those where it is even.
The odd eigenvectors are given by The eigenvalues 0a" and ,an are solutions of the following transcendental equations:
Equations (3.6) have been investigated1 by Hillman and Salzer [10] and by Robbins and Smith [11] . These equations have infinite roots in each quadrant of the complex a-plane. To make the solution (3.1) satisfy condition (2.12), we use only eigenfunctions in (3.1) associated with roots an in the upper half-plane. Hence, the sum (3.1) is extended over all eigenvectors (3.4) and (3.5) whose eigenvalues have positive imaginary parts. We note that these occur in pairs in the first and second quadrants such that, if a" is a root, so2 is -a* .
It remains to discuss the satisfaction of the boundary conditions along the edge x = 0. Letting x be zero in Eq. (3.1) yields "To obtain the equations considered by these writers we substitute s" = ia*, where the ( )* denotes the complex conjugate. Equations (3.6) become sin (20s") = 20s" and sin (2"s") = -2es" respectively. which yields the biorthogonality condition (3.9).
The eigenvectors W" are obtained by solving the eigenvalue problem given by Eqs. (4.1) and (4.3). The eigenvectors again split into two sets. Corresponding to the eigenvalues given by Eq. (3.6a) we obtain: oTFi1' = -i[0a*"y sinh 0a* sinh 0a*y -(0at cosh 0a* + sinh "a*) cosh 0a*y], oW™ = [got*# sinh 0a* cosh aa*ny -(0a* cosh 0a* + 2 sinh 0at) sinh 0a*y], aW(n3) = -i[aoc*ny sinh aa* sinh 0a*y -(0a* cosh 0a*n -sinh "«*) cosh 0a*y], 4) (4.6) (4.7) 0wn4 = [oa*y sinh 0a* cosh aaXy -0a* cosh oat sinh 0a*y].
The eigenvectors which correspond to the eigenvalues given by Eq. (3.6b) are eW= -i[ea*y cosh ea* cosh ea*y -(,oc* sinh ea* + cosh ea*n) sinh ea*y],
.W»2> = LaXy cosh ea* sinh ea*y -(ea* sinh ea* + 2 cosh <a*") cosh ta*y], eWl3) --i[,a*y cosh "a* cosh ea*ny -(ra* sinh ea* -cosh ea*") sinh .a*y], ,W^l) -[<ot*ny cosh ra\ sinh ta*ny -ea* sinh .a* cosh ,<x*y\.
Substitution from Eqs. The stress and displacement problems do not exhibit an inner biorthogonality property and, therefore, do not reduce to a form from which the coefficients c" may be directly obtained. For problem (2.11c) we obtain fb1} = T.cXnx\y), /r = -n, jin = <rl6, /r = z cx:\y). 10) n 9^ j, n and j both even, (e«i + «<*")(«<*; -ealf cosh4 ,an ' 0, n = j or n ^ j with n odd, j even or n even, j odd. Equation (5.9) is a system of infinite equations in infinitely many unknowns, which can be solved by truncation to obtain values of cn to any desired degree of accuracy.
For the displacement problem, (2.11d), we write
n n which leads to a system of equations for the c,'s of the same form as (5.9). 6. Convergence of series expansions. For the series expansions to converge to the given boundary functions, it is necessary that the boundary functions be self-equilibrating:
The Conditions in addition to (6.1) that are sufficient to ensure uniform convergence of the series to the given boundary values are discussed in [1] . We here examine numerically the convergence for a particular example of the stress problem. Consider the boundary stresses rb = -sin Try, <jxb = -3y + 10y3 -7y5, (6.5) which satisfy the first three conditions of (6. Asymptotic formulae are as follows: Re «a" ~ .5 log, (4n + l)x, Im "<*o ~ (n + .25)ir, Re eau .5 loge (4n + 3)ir, Im ea" ~ (n + ,75)ir (5.9) was then solved and the coefficients c" were used to check the values of r and ux on the boundary x = 0 given by the series against the specified functions (6.5). The eigenvalues are given in Table 1 . The results for five and ten sets of paired eigenvalues (in the first and second quadrants) are shown in Figures 1 and 2 and show a rapid rate of convergence. Note from (5.10) that Eqs. (5.9) uncouple into two sets, one set associated with odd eigenvalues and one set with even. The authors found the calculations simple to make because the program could be written in complex arithmetic. 7. Concluding remarks. Smith [5] considered the problem of the bending of a semi-infinite strip loaded by moments along the short edge, his problem being mathematically equivalent to our mixed problems. Smith obtains a solution of his problem directly in a two-component vector form. Eqs. (5.4) and (5.5) agree with the corresponding results of Smith if the eigenvalues are carefully compared1. We note that Smith's form of the solution can also be obtained, for the mixed problems, by use of the Fourier integral [8] . The mixed problems have also been considered by Horvay [6] and by Horvay and Born [7] by another method. Their method is extended to the stress problem, but we believe that the method given here provides a more simple2 and accurate numerical method. At the same time, it answers the question of why the stress and displacement problems are so much harder to solve than the mixed problems.
Note added in revision. Since this paper was first submitted a paper has appeared [12] which treats the stress and displacement problems by means of the Laplace transform and the calculus of residues. The resulting series expansions are similar in form to those obtained here, but are not identical since the unknown boundary functions are expanded by means of trigonometric series rather than in terms of eigenfunctions Z". Our approach shows that the series expansions can be directly obtained by a generalized Fourier analysis without appeal to transform methods.
JSee footnote after Eq. (3.6). 2See footnote on Page 71 of [6] ,
